When considering structural loss in vibration problems, the Young's modulus is a complex value that may be defined in the Argand plane as the vectorial sum of the real part of the Young's modulus itself and the loss modulus. By performing simple quasi-static forcedisplacement tests in a universal testing machine it is possible to experimentally measure the complex elastic modulus of a material, even if the loss factor is very small. In this work, the authors present the experimental results of the complex Young's modulus measurements on a specimen of a quasi-isotropic carbon fibre reinforced laminate, considering the constant hysteretic damping model. The setup is fully described and results are presented in detail, giving a special attention to the experimental problems so that this work can become a useful contribution for further studies.
Assessment of the elastic and damping properties -complex modulus -of composite materials is of growing interest with the intensive current use of these materials in many modern engineering applications, from aerospace to sports components [1, 2] .
When a material is deformed, elastic and internal frictional stresses appear. Generally, frictional stress is described as being analogous to the stress that results from the flow of a viscous fluid, that is, the friction stresses are considered proportional to the strain rate. But instead, experience shows that, for many structural materials, the friction stresses show a linear relation with the strain itself, at least for a wide range of frequencies [3] . The constant hysteretic damping model is the simplest way to describe this behaviour, assuming a complex Young's modulus.
A considerable amount of research has been done on the damping analysis in fibre-reinforced composite materials [4] . The damping loss factor can be estimated at the laminate level from the constituent materials and interfacial viscoelastic properties [5, 6, 7] . However, in the viscous model, it is frequency dependent, which differs from what is observed in most real structures which behaviour is closer to a frequency independent (or weakly dependent) dissipation mechanism [8] . The constant hysteretic damping model is often used to describe the dynamic behaviour of structures undergoing various loading conditions. This designation (hysteretic) results from the fact that such a mechanism closely describes the load deflection hysteresis behaviour of most materials.
Most often, the complex Young's modulus is defined as the vectorial sum of the Young's modulus (real part) and the loss modulus (imaginary part). This corresponds to a Cartesian representation of a vector in the Argand plane. This vector can also be represented by polar coordinates, with amplitude and phase, suggesting a lag, i.e., the tendency to react slowly to an outside force, or to not return completely to its original state.
The need to estimate the complex Young's modulus of a material is therefore important on several subjects of structural dynamics, such as modelling, updating, structural modification or damage detection. Concerning the field of damage detection, for instance, the main idea behind techniques that make use of vibration testing is the fact that the modal parameters (natural frequencies, mode shapes and modal damping) are functions of the physical parameters (mass, stiffness and damping) and it is thus reasonable to assume that the existence of damage leads to changes in the modal properties of the structure. Most often, the existing techniques assume that stiffness is a much more sensitive parameter to damage than damping. However, for structures made of composite materials, such as Carbon Fibre   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Reinforce Polymers (CFRPs), there seems to be a tendency for the use of damping as the damage feature, since damping variations -associated to the dissipated energy -seem to be more sensitive to damage than the stiffness variations, mainly in what delamination is concerned [9] . For instance, Yam et al. [10] proposed to develop a method for the location and prediction of damage in carbon fibre reinforced plates by a combination of the measured modal damping and the computed strain energy distribution. More recently, Montalvão et al.
[11] presented a method for locating damage in composite materials based on the comparison of both the modal damping factors and natural frequencies between a reference state and a damaged state. The damage location is assessed by a combination of two indexes that provide a geometrical distribution of the likelihood of the damage location. Furthermore, there are hints that different types of damage have diverse contributions to the modal parameters. For instance, a fibre breakage is more likely to affect stiffness whereas a debonding is more likely to affect damping. In other words, different types of damage affect the real and imaginary parts of the complex Young's modulus differently.
The purpose of this paper is to assess the complex Young's modulus of a material -in this case a CFRP laminate -using conventional experimental techniques and considering the constant hysteretic damping model. It is measured under conditions of cyclic or near-cyclic motion (force-displacement test). Because the imaginary part of the Young's modulus (damping factor) usually is very difficult to determine accurately, its value is estimated through classical logarithmic decrement techniques for comparison. It will be shown that the latter method has several problems that are not usually stressed out, and that the former can probably grant a better and more consistent estimate of the hysteretic damping of a material. Furthermore, it may be interesting to explore the hypothesis from Ribeiro et al. [12] that suggests the possibility of using the hysteretic model for the free vibration.
The complex Young's modulus
The concept of a complex Young's modulus (stiffness) in vibration problems with viscous or structural (hysteretic) damping is something that is known for decades. Most often the complex Young's modulus is defined as the vectorial sum of the Young's modulus ( , real part) and the loss modulus ( " E , imaginary part): 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 To find the real and imaginary parts of the complex Young's modulus, it is easier if we first establish an analogy with the stiffness in a single degree of freedom system. Starting with the more conventional viscous damping model, the well-known second order differential equation of motion -for a single degree of freedom system -is given by:
where is the mass, is the damping coefficient, is the stiffness, is the amplitude of the oscillatory force and is the time variable. When excited by a harmonic force at frequency , it can easily be proven (and most fundamental texts on vibration theory show it) that for each vibration cycle the system dissipates -through its viscous damper -a quantity of energy directly proportional to the damping coefficient, the excitation frequency and the square of the response amplitude
is the time period of oscillation. However, experimental evidence from tests performed on a large variety of materials show that damping due to internal friction (material hysteresis) is nearly independent of the forcing frequency but still proportional to the square of the response amplitude [13] , i. e.:
where C is a constant. Therefore, from equations (3) and (4) the equivalent damping coefficient is:
in which h is the hysteretic damping coefficient. In such conditions, equation (2) can be rewritten as: 
is the hysteretic damping ratio. The quantity (in equation (7)):
is the complex stiffness. Its real part,
, represents the stiffness itself, and its imaginary part,
, the loss factor.
The latter formulation (7) leads to the conclusion that the dissipated energy per cycle is independent of the forcing frequency. There are many other formulations that can be found in the literature. It must be stressed out that the one presented here is valid for forced vibrations (steady motion) with harmonic excitations.
With regard to the Young's modulus, it is the slope of a stress to strain relation, analogously to the stiffness that is the slope of a force to displacement relation. Thus, because the hysteretic damping ratio is dimensionless, the same formulation may be used for the complex Young's modulus, and equation (1) is therefore re-written as:
which was the objective in the first place.
Determination of the complex Young's modulus by means of cyclic loading

Real part
A tensile test, also known as tension test or force-displacement test, is a fundamental type of mechanical test that can be performed on a material. Tensile tests are simple, relatively inexpensive, fully standardized, and allow determining the engineering constants of a material.
Engineering constants (sometimes known as technical constants) are generalized Young's 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 moduli, Poisson's ratios, shear moduli and some other behavioural constants. These constants are measured in simple tests such as uniaxial tension or pure shear tests [14] . It must be stressed out that this is the simplest way of presenting the Young's modulus (or the stiffness of a material), as it ignores the hysteresis of the material, i.e., the fact that the maximum stress does not occur for the maximum strain. This important aspect of the formulation will be briefly discussed in section 3.3.
Imaginary part
The experimental measurement of the hysteretic damping factor can be carried out by means of cyclic force-displacement tests in the elastic domain [12] . Following the reasoning presented before and from equations (5) and (8), equation (3) can be re-written as:
The integral of the force along the displacement (recall that dx dt x   ), corresponds to the non-conservative work done per cycle. This shows up as something similar to an elongated ellipsis in a force vs displacement plot. In other words, damping can be seen as a mechanism that introduces a lag between the input (force) and response (displacement) during a tractioncompression cycle. Although Rowett's experiments *15] showed a non-elliptical hysteresis curve with sharp endpoints in steel, for low-damping structures at low stress, the approximation that the hysteresis curve is elliptical seems to be good [13] . Thus, by taking this approximation into consideration and from equation (12) , the hysteretic damping factor can be evaluated from a force-displacement test by using the following relationship :   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
For the most common materials used in engineering applications, the damping factor is usually small (
) and equation (14) may be re-written in such a way it expresses the so-called hysteresivity (meaning lag):
For a matter of simplicity during this text, equation (13) will be referred to as the areas method and equation (14) as the phase method, but bear in mind that they both constitute approximated estimates of the hysteretic damping factor under uniaxial loading.
Some considerations on the validity of the approximations taken
All the previous formulation considers a sharp ellipse on its tip-ends, which is not true. In fact, the point of maximum/minimum displacement X does not correspond to the point of maximum/minimum force F in the hysteresis cycle, as shown in figure 1 . In other words, in the previous equations, the "stiffness" k is not the relationship between the maximum force and the maximum displacement, as it is assumed in Hooke's law. Lazan *13] calls 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 However, because the damping ratio is very small in most applications, for practical purposes, the approximations that
can generally be used without loss of accuracy.
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Test setup and procedural guidelines
The quasi-isotropic specimen is made from a [0/45/135/90] S layup. The designation quasiisotropic is in accordance to ASN A 4135:1997 standard and to [16] . As such, the material may be treated as having the same properties at every direction. Each layer is a woven prepreg constituted by Hexcel® G803 3K 5H satin carbon fibre impregnated in HexPly® 200 phenolique matrix (200/40%/G803).
The specimen used for the hysteretic damping assessment has a rectangular cross section of 25x2mm and a length of 50mm between grips (figure 2). The length of the specimen was chosen to be as short as possible (but sufficiently large to accommodate the strain gauges and with enough room for the machines' clamps), to avoid buckling when compressive forces are applied during the force-displacement tests. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   strain 2 under axial loading is the averaged value of these two strains. Nevertheless, the machine was verified for misalignment beforehand (including concentricity) according to the manufacturer's recommendations. A calibration plate specimen with two strain gauges attached (one bounded at each face) was used to check if the grips introduced bending when the specimen was clamped.
In order to ensure that the load was properly applied to the specimen, the ProportionalIntegral-Derivative (PID) values for feedback control of the testing machine were adjusted for each loading frequency (0.1, 1 and 10 Hz).
The signals were not filtered, in order to avoid any phase disturbance between them. The time domain hardware filters would introduce phase shifts, which is not desirable when the phase between two signals is wanted to be accurately assessed. Digital RFI filters introduce a constant phase shift and can be used; however, although the data naturally exhibited some level of noise, the integration process over 30 cycles averaged it out and the authors took the decision not to use any filters. For the experimental data so obtained, a force-strain plot was used to compute numerically the area of the ellipse for each cycle ( figure 4 , for a test performed at 0.1Hz, although the 30 superimposed "ellipses" are too narrow to be visible) and the phase angle between the two signals was determined from a force and strain vs. time plot.
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As mentioned before, tests were performed at different frequencies; however, for a 10Hz testing frequency the ellipse shown in figure 4 turned out to be much wider, as can be observed on the left side of figure 5 . Although the immediate conclusion is that damping is having a considerable variation with frequency (contrary to the constant hysteretic model assumption), it was observed that the damping "presented a negative value", meaning that the force was suffering from a delay relatively to the displacement. That can be seen on the right side of the same figure where both functions, force and strain, are plotted in the time domain.
Measurement chain bias was considered a possible cause for this abnormality. A force delay of 2 Because the hysteretic damping factor η is dimensionless and recalling that the area ellipse _ and stiffness k depend on the displacement X , the longitudinal strain can be used instead in the force-displacement tests when one wants to obtain the damping factor only. This can be shown by resorting to dimensional analysis over equation (13) . 5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 approximately 0.1ms was measured in the test machine by impacting the two grips, one against the other without any specimen. This delay results from the different signal conditioners that are used for the force and strain measurements.
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In fact, different electronic equipment, with different processing times, are used to process the force and strain signals, introducing a phase shift; although small, it may be significant enough to pollute the results when it is added to the one (also small) originated by the damping in the cyclic force-displacement process.
Tests were also carried out with different loading cases: traction-compression (±2kN, ±3kN and ±4kN), compression (-0.5kN to -3.5kN) and traction (+0.5kN to +6.5kN).
Results
Determination of the real part of the complex Young's modulus under cyclic loading
The determination of the real part of the Young's modulus offers no difficulties, as for linear materials and considering the approximations assumed for small damping ratios it is the slope of a stress vs strain chart. Some examples are presented in figure 6 , where it can be seen that the electronic lag is only making the ellipse wider, with negligible effects on the slope. A summary of the whole results produced is shown in table 1.  There seems to be a systematic tendency for the Young's modulus to present larger values as the frequency increases, although the differences are very small (less than   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 0.5%). Several explanations might be behind this, for instance the fact that the test is not truly static, but it is believed that the machine's PID for feedback control also has a strong influence, especially at larger frequencies;  It cannot be ignored that the Young's modulus estimates seem to suffer very slight variations with the mean load and cycles type (traction or compression), but there is not sufficient data for more consistent conclusions.
The quality of these results may be assessed by comparing with other results. For instance, a theoretical value of 48.4 GPa for the undamped Young's modulus of the CFRP under study, using Classical Laminate Theory (CLT) and the rule of mixtures was previously determined [17] .
In that case, only the properties of a unidirectional layer were available and the approximation that each satin weave layer was composed by two plies of orthogonal unidirectional layers with half the thickness was made. Nevertheless, this value is very close to the one so obtained here (2% difference), which means a very good agreement between the theoretical and experimental results.
Determination of the imaginary part -loss factor -of the complex Young's modulus
As the signal conditioners induced phase shift that is independent of the frequency load, for the frequency ranges considered, it was decided to perform tests at 0.1, 1 and 10 Hz and to extrapolate the damping factor obtained to 0 Hz using a least-squares fit. Thus, some estimations of the hysteretic damping by means of both the areas and phase methods (equations (13) and (14)) are shown in figure 7 , where the intersection of the linear fit to the vertical axis corresponds to the hysteretic damping factor (represented by the independent term in the linear-fit equation). A summary of the results produced with both methods is shown in table 2. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65  Despite the fact that a sample of only 3 measurements at different frequencies was used to evaluate the linear fit, the correlation coefficients (R  The results showed differences not larger than 10% (relatively to the mean value), which means a reasonable agreement for both methods;  The phase method seems to have a tendency to produce smaller values for the hysteretic damping factor than the areas method. However, the discrepancy of the hysteretic damping factor between the one obtained with the phase method (0.00267) and the one obtained with the areas method (0.00280) is smaller than 5%, which is believed to be an acceptable result, considering the magnitudes of the values.
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These results sustain the assumption that the measurement chain could be the source for the inconsistency of the raw results.
Validation of the results concerning the hysteretic damping factor
As reported above, there were a few electronic and control problems during the measurement of the hysteretic damping factor under cyclic loading. Still, even though they have been tackled, this raises the question about whether the hysteretic damping values so obtained are reliable enough. So, it was decided to perform a set of tests, with different methods and using different materials, for comparison and validation purposes.
Determination of the imaginary part -loss factor -of the complex Young's modulus by means of free decay testing
By definition, the logarithmic decrement is the natural logarithm of the decay rate (ratio between two amplitudes i x and
x spaced by n cycles):
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where  is the viscous damping factor. Since the model considered so far has been the hysteretic model, it may be interesting to explore the hypothesis from Ribeiro et al. [12] that suggests the possibility of using the hysteretic model for the free vibration. If such suggestion is considered, the logarithmic decrement would be approximately given by:
Within this hypothesis, free-vibration tests were performed to obtain the experimental free decay behaviour of a cantilevered beam. A reflective tape was attached on the free tip of the cantilevered beam (as previously shown in figure 2 ) and the time response obtained in terms of the velocity (a Laser Doppler Vibrometer was used -Polytec® Controller OFV-2802i and Polytec® Interferometer OFV-508). In order to avoid as much as possible any changes introduced by the data processing, the velocity itself was used. The initial conditions were introduced so that a displacement on the free tip of the specimen was high enough to produce a measured signal of good quality (high signal-to-noise ratio) but still within the linear behaviour range, i.e.,
. The beam was clamped to a much stiffer and heavier structure, using 45mm of its length. The logarithmic decrement was measured using 2 amplitudes spaced by 49 cycles, and repeated, for each block of 50 amplitudes, thus providing a total of 350 values for the hysteretic damping factor (amplitude 1 with amplitude 50, amplitude 2 with amplitude 51, amplitude 3 with amplitude 52, and so on).
The first 250ms of the time-signal used to compute the hysteretic damping factor for the free vibration decay is plotted in figure 8 , showing that the influence of higher frequency modes already vanished. The results for the hysteretic damping factor obtained by the free-decay testing are shown in figure 9 . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 It is clear that the damping factor is not constant with time, starting with a value of 0.0043 and having an asymptotic tendency to a value of 0.0027, very close to the one obtained with the force-displacement test.
Nevertheless, the same test was repeated, but this time the clamping force was increased (although it was not quantified), leading to the results shown in figure 10 .
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As expected, the clamping mechanism is performing an important role on the process of the free vibration of the cantilevered specimen (note that the specimen was not moved from its original position and only the clamping force was increased). This time, the changes on the hysteretic damping factor are not as large (0.0028 in the beginning to 0.0024 at the end of the time signal), but it still represents a considerable variation (17%).
The damping factor seems once more to converge when it achieves smaller amplitude levels of vibration and, in both cases, the hysteretic damping factor seems to oscillate, which may be a consequence of the influence of the clamping structure itself. However, it was not possible to assess how much energy went into the clamps.
Other phenomena interfering with the experiment (i.e., that were not considered in the model and that were not measured) may be aerodynamic damping and material non-linearity that are more evident for larger amplitudes of vibration [15] .
Validation of the test methods (cyclic loading and free decay) for damping assessment
To gain better insight about the methods themselves, it was decided to repeat the whole process, this time using an 800mm length steel beam with a 25x6mm 2 rectangular cross section. The purpose was to confirm if the boundary conditions on the free-vibration tests were, in fact, responsible for the variation of the damping factor, or if it was the composite material itself the reason for such a behaviour. First, a force-displacement test, ranging from +1 to +10kN was performed (to avoid buckling, compressive loading was not used), at three different frequencies of 0.1Hz, 1Hz and 10Hz, producing an estimation of the hysteretic damping factor of 0.00243 with the areas method and 0.00218 with the phase method. After that, a free-vibration test was conducted, following the same procedure. A variable hysteretic damping ranging from 0.0036 to 0.0023 was obtained, with a slight convergence in the end of 
Conclusions
Various results have been presented, concerning the complex Young's modulus measurement on a CFRP laminate. For the CFRP laminate under study, the (averaged) value obtained was:
To accomplish this objective, a force-displacement (cyclic loading) test was used. It was shown that the experimental assessment of the imaginary part of the complex Young's modulus (loss factor) presents several difficulties that cannot be neglected, even when dealing with freevibration testing on a cantilevered beam for validation. In summary, the following conclusions can be drawn:
 For the case of the force-displacement testing, an approach based on a linear fit along the frequency was used to minimize the problems introduced by the measurement chain, showing a good agreement between the results;  The fact that the correlation coefficients are close to unity in the linear-fits, shows that, for the frequency range considered, the constant damping model seems suitable for the global damping mechanism in a CFRP ;   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65  For different loading conditions, no considerable changes on the hysteretic damping factor were observed, which shows that -for the force-displacement setup conditionsthe material performed linearly;  On free-vibration testing, the boundary conditions play an important role on the results. In the case of a cantilevered beam, the clamping force has a strong influence on the measurements, as well as other phenomena like air damping;  The best region of the time domain decay to estimate the hysteretic damping factor of a cantilevered beam is the one with the lowest displacement amplitudes, but high enough for an acceptable signal-to-noise ratio. There is a considerable variation on the hysteretic factor with time, although it seems to converge to similar values to those obtained in the cyclic force-displacement test;
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